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The two-dimensional electromagnetic diffraction by a metallic
half-plane sheet is investigated. Impedance boundary conditions
are used at the sheet. By a method due to LAUWERIER the problem

is reduced to a set of Hilbert problems which are solved.
Special attention is given to a Hertzian dipole source.
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7. Introduction

In the theory of diffraction exact sclutions have been found
only for a small number of boundary condition problems, 1In

which the shape of the boundary was especlally

gimple, Amongst
these the two-dimensicnal half-plane diffraction prooblem,
pernaps, 1s the best-known. The case of 1ncident plane waves
and elther Dirichlet or Neumann conditions was solved in s
famous paper by A. SOMMERFELD [ 8].

Subsequently the case of a point source, alsc with either
Dirichlet or Neumann boundary conditions,was sclved by
H.M. MAC DONALD [5].

Since then these solutions have been rederived with the help

of other means by many authors.

For boundary conditions of mixed type, l.e. those prescribing

a llnear combinatlon of the field and 1ts normal derivative at
the boundary, T.B.A. SENIOR gave a solution for the case of
incident plane waves. In the present paper a solution wlll be
given for a point source., Such a solutlion, indeed, is implicitly
contained in a series of papers on the sclutlion of the equatlion
of Helmholtz in an angle by H.A. LAUWERIER [2], namely in the
fourth., LAUWERIER considers boundary conditions which prescrlbe
a linear comblnation of the field, its normal derivatlve and

1ts Tangentlal derivatice at the sides of the angle, For an
angle 27, and equating the coefficlents of the tangentlal
derivative to zero, the solutlion of the present problem could

be obtalned. However these substlitutlions turn out to be by no
means trivial because of the appearance of confluences o¢f poles
in the general formula. We therefore prefer to glve an
independent solution, using the methods which LAUWERIER applled
to the more general case,.
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2, Formulation of the problem

In the Application of electro-magnetic theory to a configuration
consisting of several media it will in general be necessary to
set up field equations for every medium and then to couple
these flelds by appropriate conditions at the interfaces of

the medla. Here we conslder a configuration of two medila,
namely a non-conducting medium and a medium with a large
conductivity. In such a case the field in the metal can be
taken account of 1in good approximation by imposing an impedance
boundary condition- on the fileld 1n the non-conducting medium
at the 1interface, and the set of fleld equations in the

conducting medium can be dispensed with. This boundary
condition reads (cf. e.g. [ T7])

(2.1) nx(nxE - 2 _H) = 0,

-

where n 1s a unit vector, normal to the interface, which 1is
directed outwards as regards the non-conducting medium. As
e} .

usual B 1s The electric fleld and H the magnetic fleld. The
constant Zm equals

(2.2) 7 -.......-\//a,m/ (€ + 10 /),

m

where a time variation exp(-iwt) of all fields 1s understood.

Here o 1s the permeability of the conducting medium, &
1ts permittivity and <Tmits conductivity. For a derivation of
the above formulae we refer to [ 7]. In the present context
we prefer a slightly different form, which 1s obtalined by
applying a Laplace t?ipsfogﬁation with respect to time. Then

(2.1) agaln holds if E and H are interpreted as the lLaplace

transforms of the electric and magnetic flelds regpectively,
but instead of (2.2) we have

(2.3) z, =V / (E +7 /D)

where p 1s the Laplace variable. Formally (2.2) can be obtained
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from (2.3) by replacing p by -1w,
~ -
The Laplace transforms E and H satlisfy the transformed Maxwell

equatlons

~

VxH = (pt/c)
—p

Vx E m-—-(p/u/;:?)

In a reglon without free electric charges. Here £ 1s the
permittlivity of the non-conducting medlium, 4 1ts permeablllty
and ¢ the veloclty of light 1In vacuum. Introduction of
dimensionless variables (x',y',z')a(p\ﬁ527c) (x,y,2),

V=(p \/?/I/c) V' glves the alfternative form

-

s V.H = 0,
—

v.E = O,

asll i SN

b

o | - e
(2.4) vixH=(1Z)E |, (2.5) v'.H = 0,
. - o -
(2.06) v x E = -Z H , (2.7) w .E = 0,

where Z= V/L7 € . In the sequel we will drop the primes in the
above equations.

Substitution of (2.6) in (2.1) gives the alternative form of
the boundary condition

(2.8) nx[ nxE + (2 §2)vxE] = 0.

Furthermore 1t follows from (2.4), (2.6) and (2.7) that

D - _—

(2.9) Y- E - E = 0,

By takling the vector product with @ we derive from (2.1)

4

(2.10) n x

(2.11) nx

From (2.4), (2.5) and (2.6) it follows that

——
(2.12) Vv H - H
q _ - —
IT 1s seen that both E and H

= 0.

satisfy a modifled Helmholtz
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equation and have the same type of boundary condition.

The above formulae remain valid if, instead of a non-conducting
medium, we have a siightly conducting medium with conductivity
o provided we replace € by €& + @ /p.

Still other forms of the boundary conditions are found by
taking the divergence of (2.8) and (2.710). This is allowed
because these equatlions essentlally contain only vectors in a
plane tangential to the interface. We find

(2.13) ’ [ﬁ.V4-meq]Rﬁhm,
(2.14) [E’. v o+ (ZZZm)]ﬁ.ﬁ= 0.

These general formulae will be applied to The case that the
conducting medium 1s a metallic sheet, which covers tThe half-
plane y=0, x < O, Then T has the direction of the negatlive
Y-axls for y=+0 and that of the positive Y-axis for y= -0, We
restrict the discussion to essentially'two—dimensional fields,
1.e., we only consilder flelds which are independent of z. The
boundary conditions (2.8), (2.10), (2.13) and (2.14) then

reduce tTO

ok
E = 29X ) f =
R = H =
J ? Hy
EZ: ) HZ:

for y= + 0, x <O0.

IT 18 seen, that Ey, Ez’ Hy, HZ satisfy boundary condltlons
of the type

(g?~¢7ch¢x);¢ = O,

For real values of p, « 1s elther real or purely 1lmaginary.

Moreover, in the applications considered here O< Imx< 37« .
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They also satisfy the modifled Helmholtz equation

o o
2 P 3 ¥ _
— 5 T 75 - ¢ = 0.
2% oy

The more 1intrilcate character of the boundary conditions for
Ex and Hx is of no importance gsince Ex can be calculated from
Hy and HZ and HX f'rom Ey and Ez‘

It might be expected that the approximate boundary condition
(2.1) will fail at the sharp edge in the origin.
Actually, of course, the metallic sheet will have a small but

finite thickness. If such a sheet has g rounded edge, 1T can
be shown that no difficulties will arise. For a detailed

discussion of this question we refer to [ 6].

The diffraction fleld, or to use a modern term, the scattered
field, of courge depends On the incident field. The

diffraction fleld can be evaluated for an arbitrary incident
fileld 1f the appropriate Green's function is known. It hence
suf'fices to determine the Green's function which satisfies

the inhomogeneous modlfied Helmholtz eguation

2 2

(2.15) (S5 + =5 - N6 = 22 8(x-x_)3(y-v,),
X 2y

and The boundary conditions

(2.,’16) (%—ich o()GmO for x < O, y= + O

However, the special case that the incident field is generated
by a Hertzian dipole merits a special consideration.

In such a case the magnetic field is the curl of a vector

—
potential A . In ordinary variables we have
- — —> o3
o _ € = 2 1 8K
H “"6‘ 'ait"vx‘n- P J2) ﬁVK(V*W), Vv 7|- “?atQ - O,

or taking the lLaplace transforms and using non-dimensional
varliables,
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H = (?zgﬁfZ)VXI p E = ?ZQVX(VXR)J VQ-;? -“?t

where 92 = E/‘Lpg/cg.

For a two-dimensional Hertzian dipole in (xo,yo) we have in

absence of the metalllc sheet

— —3
R =4 KO(R) a

where Rgm(xﬂxo)2+(y"yo)
This potential satisfies the inhomogeneous equation

" »° — -
(2.17) (=5 +—= - 1) % = -2n z J(x-x_)8(y-v,)e

2 X 2y ©

2

In the presence of the metallic sheet the dipole of course shows

the same singularity at (Xo,yo) and hence the potential
satisfiles (2.17) in that case too. We consider separately the
cases that-g has the direction of the positive X-, Y- and

Z-axls:
. —
,1) 7f/| = 4 ?9-1(X:y) T,
then
92 82
(B + 25 - 1) ¢, = -2x S(x-x_)(y-v,).
X DY
Moreover
— 9 P jg
Hﬂ -7 DV
Hence we have the boundary condition
32 m-zﬁaa.
( 2+-~Z-—-§3-)5p,]w0 for y= + 0O, X < 0,
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2) %3 = 4 992(}{_,37‘) J s

then
82 2

(B + B5 - 1) ¢o= 2w 8(x-x ) &(y-v )
X Y

Moreover

—) 9992 -

H2 = 7 P X K

Hence we have the boundary condition

2 T 4 3 — —
(9xﬁy T 7 ax) $o=0 for y= 1% 0, x<0,
which after integration with respect to x ylelds
Z
2 T _m — —
(9y+z)9°20 for y= + 0, x< O,
—
3) K, =2 ¢.(x,¥) k
3 9’3 J 2
then
62 82
(B + 25 -1) = -2 & H(x-x)8(y-v,)
DX DYy
Moreover
— —
E3 = =7 q>3 K
Hence we have the boundary condltion
2 T 4 = O for - + 0, x<O.

»*
The same type of problem also arises in the theory of sound ).
Consider a two-dimensional impulsive source., The tTtransmitted

sound is reflected by a semi-soft screen y=0, x < 0, The

veloclty potential ¢ then satlsfies

(s + 25 - L 2 )p= —2m8(x-x_)8(y-v,)d(t),
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and the boundary conditions are

(%: 5307‘"58-"6")50“0 for y= + 0, x <O,

The boundary condltions follow from the more general conditioh
for a reflecting medium which reads

-3
where n 1s normal to the boundary and points into the

reflecting medium (cf [’1] p.9). Here ¢ is the veloclty of
sound, ¢, the density of the undisturbed medium and A the

rate between the normal velocity of an element of the reflector
and The excess pressure on that element. This conditlon
includes the rigid screen (A=0) and the completely soft screen
(A—00) .

Application of a Laplace transformation and introduction orf
dimensionless Variables(x',y',z')m(p/b) (x,y,z) agaln ylelds
the equations (2.15) and (2.16) if ch «= ¢ %

Reduction to the Hilbert problem

For easy reference we repeat the basic equations

- 2 2
(3.1) (2= + B5 -1)G = -27m &(x-x_)dy-v,),
oX DY
‘ ....?...._m — ? e
(3.2) (ay + ch «x ) G=0 for y + 0, X< 0,

The function G will be composed of the Green's funotgon for ghe
' 2
region without screen, which equals KO(R), R m(x~xo) +(y~yo)

3

and a regular function ¢ . These might be called the incldent
f1ield and the scattered field respectively. We hence put

(3.3) G = K (R) + ¢ .

For ¢ the following representation will Dbe used
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00
< f exp( -ixshw-ychw)g,1(w)dw for y > 0O,

_ _ -~ Q0
(3.4)

~5
i

3 Z exp( "iKShW+ychW)g2(w)dw for v <0,

which representation ensures that G satisfiles (3.71).
An analogous representation exists for the modified Bessel

function KO(R). It reads

o0
(3-5) KO(R)ﬂ “:']_5," “C/I; exXp [wi(xnxo)shw-- ly—yo|chw]dw.

Substitution of (3.3), (3.4) and (3.5) in the boundary
conditions (3.2) gives

7 [ (chw+ch « )g,l-—(chw-ch x )exp( ixoshw-—yoch w)] e“iXSh " = o,
-00
X < O, Y = "+’O,

7 -ixsh w
/ [(ChW‘*'Oh “)%2*'( ch w+cha)exp(ix _shw -y ch W) ]e = 0,
-00
x <0, y = -0,
from which we obtain by subtraction and additlon
+ ~lxsh w
(3.60) Z @ (w) e ch w. dw =0 for x <0,
e + -1xsh w
(3.7) f y/'(w) e S ch w dw =0 for x < O,
| -~ Q0

where

(3.8) ch w 5?5+(w):—-(ch w+che ) (y,l—yg)--Qch w exp(ix shw-ych W),
(3.9) chw p‘+(w)m(ch wtcha) (¥ ,1¥,)+2ch & exp(ix shw-y ch W) .

ITn the following we mostly use polar coordinates T, ¥ , given
by x=r cosd, y=r sind, instead of Carteslan coordinates (X,¥).

It follows from (3.6) and (3.7) that, because of the restriction
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x € 0, both Q+ and }’/+ are holomorphic in the strip 0« %“"mwr-n.
Furthermore they are symmetric with respect to 3 ®1i,

SO for we nave taken account of the jump in ® when passing the
screen y=0, x < 0. This jump was implicitly taken care of by
the Introduction of two functions viz ,g,](w) valid in the upper
half of the x-y plane, and g,(w) valid in the lower half.
However ¢ and @2@/® y should be continuous over the ray y=0,

x » O, From the continuity of @ we derive

o0 .

(3.10) /  (w)eh w e TX5 W 4y =0 for x > O,
e e

where

(3-’1/1) ﬂﬂ(w) = (gq“gg)/zh W,

and from the continuity of o@/2 7y

' - - ~-ixXsh w

(3.12) / ¥ (w) ch w e > dw=0 for x > 0,
~Q0

where .

(3.13) y (w) = g te,

It follows from (3.10) and (3.12) that, because of the
condition x » O, both @ and Y are holomorphic in the strip
~-T<%m w< O. They also are symmetric with respect to -z % 1.

Elimination of g, and g, from (3.8), (3.9), (3.11) and (3.13)
and replacement of the Cartesian coordinates by polar ones,

X =r rcos J =1 sin ~8’ 1elds
O oCS o’ yo O o”y

(3.74) ¢+(w) =(ch w+cha) @ (w)-2 exp [ -r*och(w+i\fo-%-in)]
(3.75) y+(\3v)=- (ch w+cha) ¥ (w)+2 chwa exp [uroch(w+i\°fo--é—i7t)].

The original problem of finding a solution of the inhomogeneous

modified Heimhoifz equation (3.1) with boundary condltions
(3.2) has now been reduced to solving the two Hilbert problems

(3.14) and (3.15). To this end we have to factorize ch w and
ch w +che . The former factorization can be carried out by

BloLiOTHEEK MATHEMATISCH CENTRUM
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inspection. Indeed
(3.16) ch w = [ V2 ch &(w-31 x)]x[ V2 ch é-(w—*—i?t)] ,

where the first factor in the right-hand member clearly 1s
holomorphic in the strip 0<Im w<x and the second factor in
the strip -X<lIm w<« O. Formally the latter factorization 1s

gilven by

(3.17) ch w + chw = K (w) K (w)

Il

where K+(w) 18 holomorphic 1in the stTrip O<im w<?X and
symmetric with respect to #Xi and K (w) 1s holomorphic in
the strip -x<Im w <O and symmetric with respect to -3mwi.
The derivation of explilclt expressions for K+ and K will be
deferred till the next section.

In the sequel we will also use the functions

(3.18) L—t(w) - K- (W)/[\/-?—Ch s(w+zl® )J 5

which correspond to a factorization of 1+ch « /ch w.
By aid of (3.16), (3.17) and (3.18) we can write (3.14) and
(3.15) in the form

(3.19) gt /KT - K =-2 exp [~roch(w+iﬁbm%inﬂl/'K+ ,

(3.20) ;/r+/L+ -¥ L = 2 chu« exp[-roch(w-i-ixfo-%i?t)]/(ch W L+) :

The solution of these Hilbert problems are giliven by
- : -
K+:w: 00 exp[ 159N ch(wo+1ﬁb 2110] ch W dwO

+-
(3.21) @2 (w)= - —————
OcIm wer
~ 1 QO exp[--r Och(wo—i-ido—-%in'):] ch w 5 dw o
(3.22) g (w)= - ——— [ ——F " S w —shw

- X <Imw <O,
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+- © exp|-r ch(w_+ivd -31i7w) dw
(3.23) y“"(w): cha L (w) £ Mwﬁmﬂmj
LA + sh w_-shw
~ L (wo) O
O< Im w<em
_ N o exp| -r_ch(w_+iv ~-51ix) dw
(3.24) y' (w)= L"‘?“ WM’
i?®L (w) - L (w,) e

~ZXedm w < O,

Elimination of & from (3,711) and (3.12) and substitution of
(3.22) and (3.24) gives

' : o0 H(w_,w) 1 _
(3.25) gzﬂw)m ST jr ;ﬁ?ﬁ;ﬁﬁﬁh exp[-roch(wo+1ﬁ%~§1ﬂﬂ] Aw _ 5

- < Imw < O,

where

2 ch ,-é-(wo+—2]=-i7t)oh F(w-21%)+ch x
W= m——e———_—

(3.26) H(w, o) o)
0

which formulae are valid in the lower half-plane y <« O.

However, for gg(w)we need a formula which is also valld on the
line Im w=0, This is easily obtained by analytical continuation
of (3.25) if the path of integration for W ig shifted into

the strip O0< Im W < x .

Substitution of (3.25) in (3.4) gives, usling polar coordinates,

R jp*ﬂjp+15 H(w,,w)
exp[-—roch(wo—ki«"fowéix)—-rch(w+i J +31 7&:)] dwo dw, -7t< < <0,

In this integral shift both paths of integratlion over &

distance +i¢€.
No poles will be passed and we find the equlivalent expression
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: oo ~-1€ oo H(w_,w)

(3.27) e __Tor 7
Y= Tix mdgfiﬁ _ég sh w_-sh w

ex_p[wroch(wo+ido~-%—i7c)-rch(w+i«f +é-i7€)] dw  dw.

Other representations for ¢ can be obtained by expressing S
in terms of ¢+ and y?+ or by using g 4 either in terms of @

~ +- +
and ¥ or @ and Y .
The continuity of ¢ and e¢/@y on y=0, x >0 ensures that all
these expregssions represent the same function g for -m« J < /C.
The extension of (3.27) to the range O<af ¢X can also be carriled
out by a suitable continuation. This will be done in sectilon D.

4., The factorization

In this section we explicitly carry out the factorization
(4.1) ch w + chx = K+(w) K (w),

which wags formally introduced 1n the preceding section. The
ffactor K+ is required to be holomorphic in the strip O<Imw<%
and to be symmetrlc with respect to 3i®. and K to be

holomorphic in the strip -®< Im w<«< O and symmetric with
respect TO H%ix:. The same factorization has been carried out,

by different means, by SENIOR [6 ] and by HEINS and FESHBACH[ 3].

By logarithmic derivation we obtailn

d + d — d
(4.2) == 1n X (w) + 3= In K (w) = 5= 1n (ch w+ch x ),

which equation, again, is a Hilbert problem on w=0. 1ts

solution 1s

a T chw F d Aw
oo iln K“(w)z_— + ST “Oé dwo ln (oh W +Ch“)s__Tth~s wal

which can be brought in the form
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L] ...__......_....S_..l’.}..__.W..____.. th 3(w_+w)dw _+ __snw__ 7 »th L(w_-w)d
— bizx | ch w-ch o ;__4 2\ WTW/OWST Chw+ch éb 2 W ~W/BW, 1

Divergent integrals are rendered meaningful by defilning
0 B

P(w_ )dw_ = 1im f(w_)dw
;4; O O D—3 OO :4 O O

After evaluation of the integrals we arrive (under the

condition -x¢ Imo<x)

(4.2) K‘t(w)zﬁv ch w+che exp [ + 2;75 {/\(w-{-rx)—i— /\(w—-o:.)}] ,

where

(4.3) ‘ Aw) = [ o

This function is related to Legendre's Chi-function Dby
A(w) =2 %A (th 3 w),

(cf. [ 3]), but this notation might be migsleading because 1T
suggests the functional relatlon N\(w+2ix®)= N w), which does

not hold,
An alternative form of (4.2) is

O T B a1}

which shows clearly the zero's at w= +« +2kix .
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5. Some alternative representations

In thils sectTion a few alternative expressions for the regular
part ¢ of the Green's function will be derived. It follows
from (3.27) that

-1 @ H(w_,wW )exp[ -r_ch (wo+i6 Ow%ix)mrch@\r-i-id + %‘iﬁ)]

5. p= ok [ [

—O}ﬂﬁﬂb

- dw .
ch 5 wo+w ch 5 W —w-1l7 dwo W

This integral has been derived for -m«J<0. However, by shifting
the paths of integration its validity can be extended to the

full range -n<Jd<x. Putting w=v-iv-iizxand w,=v -1J_+zix and

shifting the paths of integration to the real v and V. @xes,

we obtaln
o @ H(v -1 +5 1k, v-1d—5im)exp( -r chv_-rchv )

e o] ,_
(5.2)9= 3% _é / ch s(v --iﬂ'o--i_ ch s(v _-v-1 ‘:"':."" - d"o v,

~ 0 0O 0O

provided no poles are passed., This will not occur 1f

< + v’ouc and -~-x<f - -\:/Ocn

Since the source was taken in the upper half of the X-Y plane,
or,O<wdo<z:, the above inequalities may be replaced by the

single 1nequallities

o k<N~ + K
o O

The Green's function, hence, equals

(5.3)  Glr,9d,r ,¥,,%)=

ol

00 0o H(v -1 +3ix,v-19-3 1x)exp( -1 _chv, ~-rchv)
=K (R)- TE_ // 7 3 dv_dv,

o % o on o ch vo--l o) TC v-1
\ S - -8 + %,
\ & ® O
> (r,9,)
o s
ci% . 0" O Borrowing from the terminology
\’/ of geometrical optlcs, one can

j say that (5.2) 1s valld in the

directly illuminated reglon

(comp. fig. 1).

fig.
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EXpressions valid in the other regions can be found in the

followlng way. Again consider (5.1) and shift the path of
integration of w from the strip -m<Im w< O into <the strip

O< Im w<zx. Then a pole at W=W wlll be passed and the residue
atl this pole adds an extra term. At the pole we have

H(wo,w = ch w

O) O.‘.'

and the residue hence equals

00,
1 i - S "

e

which term has to be substracted. The main term of ¢ , agailn,
has the form (5.2) with -x< € <0, Putting w=v-id -3ix
w_=v -1 f\fo-i——é-i?t as before and shifting the paths of integration,

J

we obtailn
(5-”') G(I‘,d,]’?o, 'do) =

o o H( v,-1 do—k-%i?t, v-id-3ix)exp( -r_ch v, -rch V)

I 2 dav_ dv
Ix __é __(é ch vo-—-iﬂ'o +ch( v-1w O ?

~x < IV -®
O

where the region of validity -x< v < J_-7 —the shadow region
(comp,.fig.2)—1s determined by requiring that during the shifting
of the paths of integration for Vs and v no poles will be passed.

Finally shift the path of integration of w from the sTrilp
-2 Im we O into the strip -2x<Im wex . Then a pole at

mewo-*i?t will be prassed,

At thlis pole we have

H(w,, Womim) = - o w_+ch o 0’

‘ : « o, 1 s
......%. / W_Q_____-m; XD [mroc_‘:h(wo-{—i JO--%-]_?U) -I’d’l(W"l“l‘J"}-*é'lN)] dWO 5



which term has to be added.
Using the identity

The residue can be written in the form

KO(R' ) + Res(x) + Res (-x),

> 2. 0 2 >
where R'“=r tro-2rr  cos(¥ +15'O)=(x--xo) +Hy+y,) and
(5.5) Res(x ) =
00

Y L — - : ~ - ~3 T+ %
5 cth « “4 th 2(wo m)exp[ roch(woﬂ.'ﬁo s1%) rch(wo i’d-i-gi‘h)]dwo.

Ine main term of ¢ again has the form (5.2). Putting
wo-'-:vo—-iﬂ’o—i--é-i?c and snifting the paths of integration, we
obtain

(5*6) G(P:d:ro.v ’JO) -

00 H(v -1id +3ix,v-iv-£i®)exp(-r chv_-rchv)
f O 0 0”0
dvodv+

ch(v -i«a )4+ch(v-i
O O

+K(R)+K(R' )+Res(« )+Res(-«), --1?'O+7f<.d<?t.

The region of wvalidity of (5.5) - the region where direct
reflection occurs (comp. fig.1) - again is determined by the
requirement that during the shifting of the paths of integration

of v and v, no poles will be passed.

6. Special cases

1) The case o =3im® .
For o« =ik the boundary conditions (1.2) simply become

8G/2y=0 for x < 0, y=0, This corresponds TO the well-known
diffraction problem for a half-ray wilth vanishing of the normal
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derivative of the field at the screen x« 0, y=0, In thils case
+ -
L =L =1 and from (2.24)

H(w_,w)=-2ch 3(w_+3 siz)ch 3(w-3iz)= -ch 3(w_+w)+ch -%-(wo-w-i?c) .

Hence
0 ~ -~ - _
’ / 0o H(v 14 —l—:LTc v-id-3izx)exp(-r_ch v_-rchv) o du
8x o -5 ch = vo+v-—i O-—-i chs vo-—v-—-i O+i - O

OO
o ) é[sech %—(vo-&-v—-i'do-—ia))msech%(vowv--ido-i-iﬂ)] exp(r_chv_-rchv)dv, av.

-0

Furthermore

) @ @ exp(-r_ch v -rch v) - 8(r,r_, @ -2%),R<pax,
L J[ &g ch =(v +v~i@5 dvodv=

&% - 2\ Vo e(r,r_, 6) , -T<p<x.
- < -C ch w
where e(r,ro,@) = j e dw,
3
e
2 2 2 P+ro

and ¢ =r +ro—-2rro cos@ , ch w_= —3 (cf. the Appendix of

(2], part III).
It follows tThat
~3e(r,r W +- 2712 B(r,r v, -'J)+KO(R )+K R'), “‘70'*’7{:“‘1“75;

G(r,r 9,7 ,31%F 30(r,r_, ¥ +9)-56(r,r,v - V) +K_(R) A -Tee~ T HT,

O
UO+J)+§9(I’,I’ aJ "‘\7“275") ,a-E{‘g{'\To“?T},

O "0

which agrees with the known solution.

2) The case Xx— .

For w—00 the boundary conditions (- .2) become G=0 for x < O,
y=0, This corresponds to the well-known diffraction problem for

a half-ray with vahishing £ield at the screen x <0, y=0.

ITn this case

H(w ,w )— -2ch 2(w -lix)ch 3(w+iim)=-ch 3(w_+w)-ch %(WO-W-i?c) :



Hence
| 77 H(Vo“iao+éiﬁrv“ia"%iﬂﬁexp(“rochYkﬁrchfﬁﬂ)

ol oo | .
_817'5' ) é ‘é [ sech %{vo-t-v-- 1a) . ~1iv)+sech 3 v, =V --i«3'0+-ia‘f’)] exp(-{-ﬁfoch v -rch v)dvO AV «

Furthermore
@
expl-R'cht)dt - ;
ch « __é; ch(t+1@'-5inx)~-che — 2_ KO(R ) -

It follows that

30,V JHV-2m)—3 e, -9+K (R)-K (R'), -9 _+7&<d <x

G(I’,ro,ﬁ, Vs @) =1 -26(r, ro,mﬂ'o-%-d)-!‘%_,-@(r, T do--'d) +KO( R),V ~me -7+,
-30(r, o2 qyo+“j)""él'9(r: ok qJO-,-'o-Qn:) ’ --7:4:«74-.3'0-7!:,

in accordance with the known solution.

Tt might be surmised that in the case x=0 too considerable

simplifications would occur. This, however, proves to be false.

3) The case r ——,

The functions, cemmmring in (5.3), (5.4) and (5.5) are all of

The form
O -r  cht

3 [ £(t) e ° dt,
- 0

which asymptotically equals
-

£(0) VvV=/(2 ro) e °

We apply this formula to (5.3), (5.4) and (5.5).
Furthermore we put G= V T[2 ro)exp(wro)G*'.'We then obtaln
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H( -1 «?’O—l—%i?c, v-id-5i®)exp(~r chv)

s T X S ~ ...:..].......... ?
(6.1) G (rjf\?',vo,m),u S A o5 _TCh(v-1® dv,

~7(:<?7<23'O-~71:' ,

~ H( ~ido+~*§-i?t,v~i~5’~%i7t:)exp( ~r chv)
_ * ]
(6.2) G {x,v,9,,%)~ - 5z ___Cé cos VY _tch(v-14 av

+ exp [r* cos(*’-—-ﬂo)] ,

O O

For the asymptotic form of (5.6) we consider Res(a&) separately.
Putting in (5.5) w_o=v -1 O’O-i—%,_-i?t we find
A

Res(«)=%cth ®+jdo irft ’Ché-(vo--i'ﬂ(; +—%~i?ﬁ-—-tﬁ)exp[-roch A ch(vo--iv-— 10 )]dvo.

--CD+]_15'O- 1R
Since 0O« «3’0<7t' the path of integration may be shifted to the
real v_-axis provided -3%¢ Imx < 3%. In the case of
electromagnetic radiation, and also 1in the case of diffraction
of sound, this i1nequality indeed holds. If ch« >1 then
Imox =0, and if chu <1 then 0< Im« < 37x.
We hence have, with Res(«)= Res™(«) Vx/(2 ro)exp(-ro):

Res™ («) = cthx th 3(-1v +3im-x)exp[ r ch s(v+7))] ,

and

Res™ (x )+Res™ (- )= - MT exp [ r cos(«"f—&-«ﬂ'o)]
O

Applying these results we find for the asymptotic form of
(5.6)

O H(-iﬁo +iix, v-1i¥-3ir)exp(-r V)

(6.3) e (v,9.9,%)= -z [ —— <ssw_sen(v-i®y oV *

cho —-sina

. _ 3+
choc +sin170 exp[ r cos( O)] ?

+
0
B
|
R
O
O
7
<¢
|
Co

®
i’
|

- Lx« Tmocz%—-n. - a) +XHeN<CK
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L) The case r—®

Ihis case 1s analogous to the former. We confine ourselves to
giving the pertinent formulae.

_ L N S
(6.4) G(r,¥,r ,A a)muexpgmr} 7 H(VO 100+21E5m:zmiiflchr
sV I sV s /8 rr ~ chivo~iJoi+ cos ¢ O

- < 0’:«0’0--75 .

H(v*~q_b +51 W, ~10-31n)

.\ __ exp(-r
(6.5)  G(r,o,r_,v_,«)x Vi @é ““EHTV”TTE’Tﬁﬁﬁi?“““dV +
VS it ey T ]
+ §Y;EXp[: T cos (VY O) ,

o~ L -
1%,EM«7 V1.

00 H(v -1y +5im, ~19-517)
v L x)m - SXRLoT)

(6-6) G(I’,'a,f‘oa O ~ 87{;]? é mdv +

Vg exp(-r)[ exp {r c0s(9-0,)- GRESEy oPln cosori )l

-IT(IMx < ST, --Jﬂ’o+7f4’3'<7t.

7. A related boundary value problem

In the discussion on the Hertzian dipole in section 2 we

encountered the boundary condition.

52

(W“é*“‘: C e """""'"'") G‘ --O chx = T/L,yﬂ T O, X‘O,
2y

where G“’again satisfies the modified inhomogeneous Helmholtz

equation

(B +-25 - 1) ¢ = -2m &(x-x_)8(y-v,)-
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This problem can be solved by the method given 1n the
preceding sections. We will give the salient points of tThe
analysis only.

We put

¢ = K (R) + ¢7,

CO
5 / exp (-ixsh w-ych W)%/T(W)dw:
~ 00

o 2? exp (-ixsh w+ych w)gS(w)dw.

This leads to

7)01'1 w[ (ch w+ch )gf’l-!—(ch w-ch « )exp( ixosh w--yoch w)]e"lxshw _0
~ 00

0 .
_/*ch w(ch w+ch¢x)[g5 + exp(ixosh w~yoch w)]'e“lxsh‘w - 0.
~ Q0

Then
¢+*fW)m(ch w+chu)(%?"%§)”2 Ch exp(ixosh WY oeh ),

and
pﬁtwd m(ch.wﬁchﬁd(gﬁ4g§j+2 ch w exp (ixosh w-y _ch W),

are holomorphic in the strip-O<uim“wcx:.
From the continulty of ¢ and a@/8y for y=0, x >0 we derive
that

™" (w)

{

»
(g5~85) /ch w,

and

|

-
v (w) = glvel

..........
% Wt

are holomorphic in the strip -% < ¥
On the line w=0 we hence have the Hilbert problems

w < O,

¢+*m(1+chac/ch W)Q“*~20hocexp (ixosh w-y ch W),

'yﬁ“E(ch.wﬁchc()'¢7*+2ch W exp (ixosh wﬂyoch W),
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or, arter factorization of ch w+chx and T+chx /ch w,

T %
P g* - |
- L = -2c¢ch ~y o ?
L -+ Q Cll X e.}‘:p ( i}{OSh W yohh W )/Lr ’
+ #
Y oy * - '- -
- K - | T o ,
o V’ 2 ch w exp (ixosh W=y .,oh w)/K ",

, - -
Solving @ and ’V * from these problems leads to the following

expression for ¢

(7 ) ] co-1¢ 7) H (w O,w)exp{wr‘ chiw, +1f -—%ix}-*rﬂ(wﬂd’-#%ix)]
) ? - 876 "CDf—ie -0 ch 2 Wo"rw Ch wD--w--it . . dW
where
2 .
ch™w +2ch« ch w +51X¥)ch #(w-=17%
(7'2) H*(WO,W)E S %( S % )C %(w ) -

KF(w_ ) K (w)

In the same way as before expressions for G¥ can be obtained
from (7.1) and (7.2).

@. Conclusion

In the preceding section we have derived Green's functions for
the modifilied Helmholtz equatlon

2 2

Ce + 22— 1)@ = ~2% §(x-x )E(y-y ),
(ax2 6Y2 ) ( ° | ;

wlth either the boundary conditions

(f%-:fchoc) G = O,

or
2

(JL§-+ chm-mw) G = 0.

oy
These equations were obtalned from Maxwell's equatlons Dy
introduction of non-dimensional variables and application of
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a Laplace transformation. Returning to the criginal varlables

1t follows from the ytreceding sectfons that the larlae

n
b

transform of a Hertzian dirole 1is glven by

b L
& &

1) if 1t has the direction of the positive X~axls,

- » _ - =
(8.1) 7[} = Z G (pr VE w/c, A, e \/E/gﬁg; . y
with l= Vu/(t+ a/p); Zm“ /um,f(ﬁm*v‘m/p), ch ox = Zm/Z .
2) 1f it has the direction of the rosltive Y-~axls
(8.2) Ro= 2 GlorVia/e, o, e Ve 9 ,a) ],
with chx = Zm/Z ;

3) if it has the direction of the positive Z-axls
~>-

(8.3) MBmZ G( pr Va/u/c,u’_,pr*o VE/c,d ,t'.vc)mi::ib ,

O

with cha = 2/7 .

For large values of T and small values ¢f o we find In the
fformer two cases ch« »7, hence Imx =0. In the latter case,
however, chx <1, hence 0< Imx< 3i%.

The formulae in this paper have been derived for real values
of p. However all functions are analytlic 1In p and hence can
be continued to complex values. This property is impertant 1°f
all fields are harmconic in time. Taking a timefactor exp(-iwt),
the amrlitude functions can be obtalined by replacing p by -1,
If this is done 1In particular in the gpeclal rasge P ®
(section €) the formulae describe the diffraction of a plane
monochromatic wave. This is the problem investigated by
SENIOR [ 6 ]. His solution agrees with curs if in (€.1), (6.2)
and (6.3) G* 1s replaced by Zﬁ*, r and r_ are multipllied by
1w VEw/c and 1f we take Z_= Va /(€_+1¢_/u) and Z= Vu/E.

It would be of interest to perform the Inverse Laplace

transformation. In this way transient phenomena could be
investigated. The inverse transformatlon, however, proves to
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ve practicable only approximately. This is due to the
dependence of Zm and hence of ch&|, on p.

In the case of sound waves (cf. secticn 2) chx is independent
of p,and it turns out that the inverse transformation can be
perf'ormed In closed form. This will be shown in the forthcoming
raper by H.A. LAUWERIER already referred to.
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